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Interpreting atomic force microscopy measurements of hydrodynamic
and surface forces with nonlinear parametric estimation
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A nonlinear parameter estimation method has been developed to extract the separation-dependent
surface force and cantilever spring constant from atomic force microscope data taken at different
speeds for the interaction between a silica colloidal probe and plate in aqueous solution. The dis-
tinguishing feature of this approach is that it exploits information from the velocity dependence of
the force-displacement data due to hydrodynamic interaction to provide an unbiased estimate of the
functional form of the separation-dependent surface force. An assumed function for the surface force
with unknown parameters is not required. In addition, the analysis also yields a consistent estimate of
the in situ cantilever spring constant. In combination with data from static force measurements, this
approach can further be used to quantify the extent of hydrodynamic slip. © 2012 American Institute
of Physics. [http://dx.doi.org/10.1063/1.4756044]

I. INTRODUCTION

For over 20 years, the atomic force microscope (AFM)
has been used successfully for imaging, direct force measure-
ment, and manipulating matter at the nanoscale. It continues
to be a valuable research tool to extend our understanding
of fundamental processes down to atomic level under ambi-
ent conditions. A particularly common application is to use
the AFM to measure the force between a colloidal particle
attached to the tip of the microcantilever and a substrate in dif-
ferent aqueous environments. The goal is to extract the vari-
ation of the force between the particle and the substrate with
separation. The general operations of the AFM1 and specific
application for dynamic force measurements between soft
materials2 has also been reviewed recently. Accurate force
measurements depend critically on the precise knowledge of
the effective spring constant of the force-sensing microcan-
tilever, an integral component of the AFM. Due to inherent
fabrication tolerances,3 determination of the in situ cantilever
spring constant that includes the effect of the attached particle
is highly desirable.1

The current generation of AFM has the capacity to ac-
quire force data at high sampling rates and at different drive
speeds or scan rates. It is therefore timely to exploit such ad-
vances in data density and develop new ways to extract infor-
mation about the force as a function of the separation between
the interacting surfaces.

In the traditional analysis of equilibrium force measure-
ments, it is common to assume a functional form for the force-
separation relation that contains one or more parameters to be
fitted to experimental data. In such endeavours, it is impor-
tant to have an accurate estimate of the separation. Due to the
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small size of the interaction zone in the AFM it is difficult
to ascertain accurately the absolute separation. Indeed, if ad-
hesive contact does not occur, such as when the interaction
is always repulsive, the regime of constant compliance that
corresponds to zero separation cannot be determined with-
out ambiguity. One attempt to address this issue is to exploit
changes in the scattering of evanescent light waves when sur-
faces are in close proximity to provide a point of reference
for “zero separation”.4 Alternatively, laser-scanning confocal
microscopy has been employed to measure an accurate initial
separation to calibrate dynamic AFM force measurements be-
tween colloidal bodies.5 However, it is not always practical
or feasible to implement such additional measurements. And
when it comes to investigating new types of interactions for
which the theory is less well developed, a suitable functional
form may not be readily available.

The AFM is also used to investigate hydrodynamic slip
during fluid flow between surfaces at nanoscale separations.
Results indicate that the degree of slip appears to depend
on the type of cantilever that is being used.6, 7 More recent
AFM studies of hydrodynamic slip with fluids with viscosi-
ties about 50 times that of water and driven at speeds of
up to 80 μm/s require non-Newtonian fluid models that in-
clude shear-rate dependent viscosities and additional fitting
parameters.8

Against this background we have developed a nonlinear
parametric estimation approach that takes force data mea-
sured at different velocities to extract the force-separation
relationship and the in situ spring constant in an unbiased
fashion. In particular, this method of data analysis does not
require an a priori functional form of the force-separation
formula containing parameters to be fitted. The robustness
and sensitivity of this approach have been tested using syn-
thetic data. The method is then applied to experimental force-
separation data that have been acquired at higher densities
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FIG. 1. A schematic of the AFM showing the colloid probe on the cantilever
(a) at the initial configuration and (b) at separation, h(t) between the colloid
and substrate with cantilever deflection, S(t). (c) The displacement function,
Z(t) at nominal velocity 20 μm/s and (d) experimental S(t) vs Z(t) data for
a silica particle (radius 10 μm) against a silica plate in 0.27 mM univalent
aqueous electrolyte. Data within the dashed rectangle are used in our para-
metric estimation.

than normal. Our investigation led us to suggest modifications
to force measurement protocols that can potentially improve
the usability of data from such AFM measurements. Given the
central importance of aqueous solutions in many technologi-
cal and biological applications, we can assume a Newtonian
liquid and that the magnitude of surface forces and hydrody-
namic forces at the typical drive speeds are comparable.

To preface the development of our parametric estima-
tion method, we first recapitulate in Sec. II the key elements
of using an AFM to measure the time-dependent force be-
tween a colloidal sphere of radius R and a flat substrate as
depicted in Fig. 1. Then we demonstrate how to construct a
cost function or a residual function from experimental data
that is to be minimized to extract the force-separation curve,
the in situ cantilever spring constant that includes the effect
of the attached particle and the initial separation between the
particle and the substrate. The cost function is a measure of
the residual deviation between a theoretically generated set of
points and the corresponding experimentally measured set. In
Sec. III, we give an example of the cost function or residual
function constructed from dynamic force data and provide re-
sults obtained from the optimization method. In Sec. IV, we
discuss variations of the results due to different physical as-
sumptions, namely, the possible hydrodynamic slip at the sur-
faces of the particle and the substrate and suggest a resolution
using results from both static and dynamic force measure-
ments. The main findings are summarized in the Conclusion.

II. THEORETICAL MODEL

Consider the schematic setup to use the AFM to measure
forces between a particle and the substrate. The configuration
at time t = 0 (Fig. 1(a)) is characterized by the unknown initial

separation, ho, between the colloidal particle (attached to the
cantilever) and the substrate. At times t > 0, the distance be-
tween the particle and the substrate is progressively reduced
using a piezo actuator to move the substrate by a measured
distance Z(t) > 0 (Fig. 1(b)). Repulsion between the parti-
cle and the substrate will give rise to a positive cantilever de-
flection, S(t) > 0 that is measured by an optical lever. The
common displacement function, Z(t) is an approximate trian-
gular wave, characterized by a nominal velocity that can be
adjusted (Fig. 1(c)). Typically, the maximum displacement of
Z(t) is about 2 μm and sample experimental data for the can-
tilever deflection S(t) plotted as a function of the displacement
Z(t) are given in Fig. 1(d). As a result of hydrodynamic inter-
actions, the deflection data S(t) has an approach branch corre-
sponding to increasing Z(t) and a retract branch correspond-
ing to decreasing Z(t). The region in which there are signifi-
cant differences between these two branches is emphasized in
the magnified inset in Fig. 1(d). Our nonlinear parameter esti-
mation method exploits this difference between the approach
and retract branch of the S(t) vs Z(t) data which is determined
by the relative contribution of hydrodynamic interaction and
surface forces.

By balancing forces exerted on the particle due to:

1. the cantilever: Fcan = −K S(t) k, with spring constant K,
2. the interaction with the substrate: Fsur = 2πR E(h(t)) k,

due to surface force that depends on the instantaneous
separation between the particle and the substrate, h(t), and

3. the hydrodynamic interaction:
Fhyd = −[6πμR2/h(t)] fb(h(t)) (dh/dt) k, arising from
relative motion between the particle and the substrate.

we have a relation between the displacement Z(t) and the
separation h(t)

−6πμR2fb

h

dh

dt
+ 2πR E(h) = K S(t)

= K [Z(t) + (h(t) − ho)]. (1)

The geometric condition S = Z + (h − ho) is used in
Eq. (1) to relate (h − ho) to the known quantities: S and Z
(Fig. 1(b)). The expression for Fhyd assumes Stokes flow with
a provision for the possibility of Navier slip, characterized by
a slip length b, at the surface of the particle and of the sub-
strate, via the function:9

fb(h) = 2η[(1 + η) ln((η + 1)/η) − 1], (2)

with η ≡ h/(6b). The usual no-slip condition corresponds to
b = 0 when f0(h) = 1. The expression for Fsur assumes the
Derjaguin approximation in which E(h) is the interaction en-
ergy per unit area between planar surfaces.10 This is a stan-
dard model used for describing AFM experiments that allows
hydrodynamic slip.11 However, it is important to note that
the present formulation does not require a prescribed or as-
sumed function for E(h). The form of E(h) will instead be de-
termined as an output of our nonlinear parametric estimation
method.

The foundation of the parametric estimation method is
drawn from control theory. Given a set of experimental data,
the method involves constructing a cost function or a residual
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function that when minimized with respect to chosen param-
eter(s) in Eq. (1), will allow us to deduce the form of E(h)
as numerical output. Here we choose the initial separation ho

as the parameter, and the output will be the in situ spring con-
stant K and the interaction energy per unit area between planar
surfaces E(h).

To construct the cost function, we choose a value of ho

and note that the experimental data at discrete time points can
be represented as three lists of approach data: Sa

i , Za
i , and

�ha
i ≡ ha

i − ho ≡ Sa
i − Za

i with subscript i denoting time at
ti and three lists of retract data: Sr

k , Zr
k and �hr

k ≡ hr
k − ho

≡ Sr
k − Zr

k at time tk. We then identify elements in the two
vectors �ha and �hr that have the same value: �ha

α = �hr
ρ ;

or equivalently where Sa
α − Za

α = Sr
ρ − Zr

ρ and note the in-
dices α and ρ. In practice, we work with experimental data
sets with sufficiently high density so that we can identify
the pairs of �ha and �hr that are within experimental noise
(∼0.1 nm). Using interpolation to improve the match between
�ha and �hr does not make a significant difference.

Suppose we have an estimate of the initial separation, ho,
and we know the value of the slip length, b, then by subtract-
ing the ρth element of the retract version from the αth element
of the approach version of Eq. (1) we obtain

Hj (ho) ≡ 6πμR2fb(h)

h

(
dha

α

dt
− dhr

ρ

dt

)

� K
(
Sa

α − Sr
ρ

) ≡ Gj (ho). (3)

The terms 2πR E(h) from each equation cancel because
�ha

α + ho ≡ h ≡ �hr
ρ + ho by construction and the deriva-

tives dh/dt are calculated numerically. In Eq. (3), the notation
� indicates that if the estimated value of ho is correct, Eq. (1)
will be an accurate representation of the experimental data
and hence the corresponding elements of the two lists or vec-
tors G(ho) and H(ho) are equal. Therefore, the objective is to
find the value of ho that will achieve this equality. We do so
by constructing a suitable function of G(ho) and H(ho) from
which we can find the correct value of ho.

First we recall the Schwarz inequality:
‖G · G‖ ‖H · H‖ � ‖G · H‖2 that is obeyed by any two
vectors, and the equality holds when the two vectors are
equal (or when one or both vectors are zero, which does not
apply in the present context). We construct a positive definite
cost function or residual function based on this inequality

C(ho) ≡
∑

i

G2
i −

∑
i(GiHi)2∑

i H
2
i

� 0 (4)

with the property that if C(ho) = 0 at the particular ho, then the
two vectors G(ho) and H(ho) will be equal and hence that ho

will be the correct value for which Eq. (1) provides an accu-
rate and ideal representation of the experimental data. In prac-
tice, because of experimental noise, the cost function C(ho)
has a single minimum at ho = ĥo that represents the best es-
timate of the correct value of the initial separation based on
available noisy experimental data.

The implementation of the nonlinear parametric estima-
tion method therefore involves constructing C(ho) and then
locating numerically the minimum ĥo. The in situ spring con-
stant of the cantilever with the colloidal probe particle at-

tached is then given by

K =
∑

i H
2
i∑

i GiHi

at ho = ĥo (5)

and the variation of the interaction energy per unit area with
separation is given by evaluating

E(h) = 1

2πR

[
6πμR2

h

dh

dt
+ K S

]
at ho = ĥo. (6)

The form of E(h) extracted from the approach branch and
the retract branch data should agree if the model given by
Eq. (1) is correct. This provides a consistency check on this
method. Since the model in Eq. (1) allows for the possibility
of a Navier slip length b, the estimate of spring constant K,
initial separation ho, and the interaction energy per unit area
E(h) will depend on the assumed value of b.

III. SAMPLE COST FUNCTION

The general shape of the cost function C(ho) is shown in
Fig. 2. It has one sharp minimum and the precision in which
this can be located – to within ±1 nm as illustrated in the
inset – is required to obtain the desired precision in E(h). The
magnitude of C(ho) at the minimum is controlled by noise
in the experimental data and so this value does not contain
usable information. Hence we present C(ho) in arbitrary units.

As an illustration of the parametric estimation method,
we measured the interaction between a silica colloidal probe
(radius, R = 10 μm) and a silica plate in aqueous electrolyte
(0.27 mM NaNO3, pH = 10). We use the standard trian-
gular waveform as the drive function on the AFM (Asylum
Research MFP-3D driven by ARC1 controller) with nominal
drive velocities or scan rates of V = 10, 20, 30, and 40 μm/s.
The cantilever used was a commercial silicon nitride trian-
gular probe (MLCT, Brüker), to which a borosilicate glass
bead had been affixed using two-part epoxy. We set the AFM
data acquisition rate to ensure at least 100 force values are
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FIG. 2. (a) The cost function C(ho) with b = 0 derived from experimental
data at drive velocity, V = 20 μm/s (see text for details). Inset: The precision
at which the minimum ĥo value can be located.
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available for constructing the cost function to minimize the
effects of experimental noise.

For the experimental system we chose, the particle-plate
interaction is expected to be dominated by electrical double
layer repulsion for which the interaction energy per unit area
can be represented as

EEDL(h) = (64nkT /κ) tanh2 (yo/4) e−κh, (7)

where k is the Boltzmann constant, T the temperature, n the
number concentration of 1:1 electrolyte with Debye length
1/κ , and yo = eψo/kT is the scaled surface potential on the
silica particle and plate. The expression in Eq. (7) is valid
in the superposition regime that we anticipate to hold under
our experimental conditions. Literature values of the surface
potential of silica under present solution conditions vary be-
tween −20 mV and −110 mV.12 Equation (7) is not used to
analyse the experimental data. The form of E(h) is extracted
from experimental data using Eq. (6), whereas EEDL(h) in
Eq. (7) is used as a convenient way to characterise E(h), as-
suming it provides reasonable agreement with E(h), in terms
of the surface potential ψo.

IV. RESULTS

As mentioned earlier, the experimental data needed to
construct the cost function in our parametric estimation
method should come from the region where the approach and
retract branches are sufficiently different. Thus only data in
the region delineated in Figs. 1(c) and 1(d) are used for our
analysis.

By way of comparison we have also measured very low
speed, equilibrium force-displacement data and analyzed the
results to extract the force-separation relation by using stan-
dard method based on the constant compliance regime to de-
termine the reference for zero separation.

We first take the slip length b = 0 and construct cost func-
tions for different drive velocities. Results from the paramet-
ric estimation are summarized in Table I. The main features
that we observe are:

(i) The deduced value of the spring constant K does
not vary systematically with the drive velocity, but is within
the range of the uncertainty of the experimental value
K = 0.36 ± 0.02 N/m determined by the Hutter method.13

The variation can be attributed to noise in the AFM data;
(ii) the deduced form of the interaction energy per unit

area E(h) is reassuringly insensitive to the velocity at which
the data were acquired (Fig. 3). The separation dependence
follows the exponential form given in Eq. (7) with a sur-
face potential, ψo = −47 ± 3 mV and the decay length, 1/κ
= 19 ± 1 nm, consistent with the experimental electrolyte
concentration of 0.27 mM NaNO3,

(iii) the interaction energy E(h) deduced by the usual
constant compliance analysis of equilibrium data (V = 0 in
Table I) gives a surface potential, ψo = −50 mV and Debye
length 1/κ = 18.0 nm in Eq. (7), in good agreement with re-
sults deduced from dynamic measurements, and

(iv) there is good agreement between the measured force
as a function of time and that which is calculated using

TABLE I. Values of the cantilever spring constant, K, and the initial sep-
aration, ĥo, deduced by the parametric estimation method using force data
at the indicated drive velocities, V , assuming Navier slip lengths b = 0 or
10 nm. The decay length, κ−1 and surface potential, ψo found by using
Eq. (7) to represent the extracted results for E(h) between 10 and 80 nm.
The results corresponding to V = 0 are obtained from a very low speed mea-
surement and analyzed by reference to the constant compliance regime to
estimate the separation.

K (N/m) ĥo (μm) κ−1 (nm) ψo (mV)
V (μm/s) b (nm) (±0.02) (±0.001) (±1) (±2)

0 . . . 0.36 . . . 18 −50
10 0 0.37 1.985 19 −45

10 0.31 1.976 19 −32
20 0 0.37 1.976 19 −47

10 0.33 1.965 20 −33
30 0 0.36 1.967 19 −47

10 0.31 1.958 19 −32
40 0 0.35 1.967 20 −50

10 0.31 1.957 19 −35

Eqs. (1) and (7) with the average values of ψo and κ−1 and
values of ho taken from Table I (Fig. 4).

By taking the slip length, b = 0, the parameter estima-
tion analysis of force data taken at nominal driving velocities
between 10 to 40 μm/s gave results for the interaction en-
ergy per unit area, E(h) that are consistent with that obtained
from constant compliance of equilibrium data. However, if
we repeat the parameter estimation method with a slip length
b = 10 nm we would obtain slightly smaller estimates for
the cantilever spring constant, K and a reduction of the initial
separation, ĥo by an amount comparable to b (see Table I).
The deduced form of the interaction energy per unit area, E(h)
still has the exponential form with an unchanged decay length.
However, the change in the estimated initial separation, ĥo has
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the effect of lowering the magnitude of the surface potential to
−33 mV, which is at the lower end of the literature range of
the silica-electrolyte surface potential. Thus we see by allow-
ing for a non-zero slip length, the force data can still be fitted
with an interaction energy per unit area, E(h) that corresponds
to a lower surface potential. Therefore we conclude that in us-
ing AFM measurement to study the effects of hydrodynamic
slip, it would be prudent to check against equilibrium force-
displacement data before concluding that there is evidence of
slip.

In experiments, we have acquired data points at a higher
density than the default value of the AFM software in order
to minimize the effects of experimental noise. The signal-to-
noise ratio can also be improved by using a different form of
the drive function Z(t). The commonly used triangular wave
form introduces high amplitude noise from the piezo actuator
around the point of maximum travel, so such points cannot be
included in the data set for parameter estimation. The use of a
smooth waveform may also provide additional low-noise data
values for this application.

V. CONCLUSIONS

We have demonstrated that a nonlinear parametric esti-
mation method can be used to analyze dynamic force mea-
surements using the AFM to provide an unbiased estimate of
the force-separation relationship between a colloidal particle
and a substrate in aqueous environment. This approach also
extracts the in situ cantilever spring constant and the initial
separation.

The accuracy of this method requires a higher data ac-
quisition rate than the default setting on most AFMs to limit
the effect of noise on the cost function. The use of smooth
piezo actuator displacement functions, and using the closed
loop configuration, is also recommended to minimize noise.

When used together with constant compliance analysis of
equilibrium force measurements, this approach will be able
to resolve the existence or otherwise of hydrodynamic slip at
surfaces.
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